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Abstract. In this work we study the magnitude-redshift relation of a non-standard 
cosmological model. The model under consideration was firstly investigated within a 
special case of metric-affine gravity (MAG) and was recently recovered via different 
approaches by two other groups. Apart from the usual cosmological parameters for 
pressure- less matter ft^^ cosmological constant/dark energy ftx^ and radiation a 
new density parameter emerges. The field equations of the model reduce to a 
system which is effectively given by the usual Friedmann equations of general relativity, 
supplied by a correction to the energy density and pressure in form of 11^, which is 
related to the non-Riemannian structure of the underlying spacetime. We search for 
the best-fit parameters by using recent SN la data sets and constrain the possible 
contribution of a new dark-energy like component at low redshifts, thereby we put 
an upper limit on the presence of non-Riemannian quantities in the late stages of 
the universe. In addition the impact of placing the data in redshift bins of variable 
size is studied. The numerical results of this work also apply to several anisotropic 
cosmological models which, on the level of the field equations, exhibit a similar scaling 
behavior of the density parameters like our non-Riemannian model. 
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1. Introduction 



Today the observational situation in cosmology is very promising. With several 
independent cosmological tests at hand the so-called standard model of cosmology 
m l2j has emerged and passed most of these tests. While one of the main benefits 
of the FLRW (Friedmann-Lemaitre- Robertson- Walker) model is given by its simplicity, 
recent observations of type la supernovae p^-^2Ilj made clear that we only know little 
about the dominating energy density component of the universe, which enters the 
general relativistic description in form of a cosmological constant. Such a component is 
nowadays usually termed dark energy. 

Since the cosmological constant seems to be inevitable for the description of the SN 
la data within the FLRW model it is interesting to figure out whether such a concept 
is still needed within an alternative cosmological model. From the viewpoint of a non- 
Riemannian gravity theory it would be very satisfactory if such a dark energy component 
could be ascribed to a deviation from the usual Riemannian geometry. 

In this work we analyze the SN la data within a cosmological model [7^ 8j which 
is based on a non- Riemannian gravity theory namely metric-affine gravity (MAG) [9j. 
As we show in the following the field equations of the model turn out to be very similar 
to the usual Friedmann equations. We carry out a numerical analysis on the basis of 
the new field equations. Thereby we put a quantitative constraint on the contribution 
of the new density parameter f^^, which is linked to the non- Riemannian structures of 
the underlying gravity theory and which contributes to the total energy density in the 
universe. 

The plan of the paper is as follows. In section [21 we derive the magnitude-redshift 
relation from the field equations found by Obukhov et al in ^Tj. With this relation at 
hand we perform fits to the combined SN la data sets of Wang ^HJ and Tonry et al [21 J 
in sectional In addition we study the impact of placing the data sets in redshift bins of 
variable sizes. We compare our findings with the results from independent age estimates 
of the universe and work out the deceleration history of our model. Finally, we draw 
our conclusion in sectional In [Appendix A| we briefiy introduce the field equations and 
geometrical quantities of metric-affine gravity (MAG) and provide an introduction to 
the so-called triplet ansatz of MAG. Readers who are not familiar with MAG might also 
want to consult [9j for a comprehensive review. In [Appendix B we fix our conventions 
and in [Appendix C[ we provide an overview over the units used throughout the preceding 
sections. 



2. Magnitude-redshift relation within a non-standard cosmological model 

2.1. Lagrangian 

In pi] Obukhov et al considered a cosmological model within the triplet regime of 
MAG, cf. [Appendix A[ In contrast to the triplet ansatz in vacuum, they considered a 
dilational hyperfiuid model jT2j with vanishing spin-current and vanishing shear-current. 
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In addition only a constrained version of the triplet Lagrangian was investigated. Using 
the notation from (jA.llj) the following constants in the Lagrangian are assumed to 
vanish 



p=l, A = 0, ai,...,a3 = 0, 61,2,3,5 = 0, 

Wi, . . .Wj = Zi, . . . , Z3, Z5, . . . , = 0. 



C2, 



, C4 = 0, 



(1) 



Hence within the original ansatz the usual cosmological constant is set to zero. 
Subsequently the Lagrangian of this model is given by: 



Vobukhov — ^ 



^z,R-^ ^'^^'^Z^^. (2) 



On the Lagrangian level the model represents a special case of a model which was 
recently proposed by one of the authors in [0 E|, as can easily be seen by setting 
ai, . . . , ae = in equation (1) of [7j. Note that also Babourova and Frolov investigated 
a very similar model in [13j. Obukhov et al constrained their analysis to the case in 
which the hypermomentum is purely dilational, i.e. proportional to its trace part (cf. 
equation (9.6) of [HI). 



2.2. Field equations 

By making a triplet ansatz for torsion and nonmetricity, cf. equations fjA.14j) - fjA.16j) . 
and by using the usual Robertson- Walker line element 



ds' = -dt' + s{ty 



+ r'de' + r' 8m\e)d(j)' 



1 — fcr^ 

the general MAG field equations fjA.3j) " fjA.5j) reduce to the set 



k_ 



3 



/X + 



48an 



S A - _ 



p + 



48ao 



3ao 
h 



^2 



^2 

^6 



(3) 



(4) 



(5) 



as displayed in equations (9.8) and (9.9) of Here ao and 64 are the coupling constants 
from ^ and ij) denotes an integration constant entering the solution for the Weyl 1-form 
Q which is given by:j: 



Q = -^S-'dt. 

864 



(6) 



As one can easily see the field equations are the usual Friedmann equations, without 
cosmological constant, with an additional contribution to the energy and pressure from 
the dilation current. The non-Riemmannian quantities in this model, i.e. torsion and 
nonmetricity, die out as the universe expands. 

On the level of the field equations this model proves to be compatible with the 
one proposed in [Zj if we make the choice = —a^ for the coupling constants in the 
Lagrangian in equation (1) of jlj. Additionally, one can show that also the model of 

:|: Note that we changed some of the variable names of 11 in order to match our notation in [TUHJ. 
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Babourova and Frolov [13j yields the same set of field equations if one performs the 
following substitutions for the variables in section 7 of [TBJ: 



-1^ 
a 



3ao — 64 



ae 



JN 



(7) 



4A2m4 48ao64 ' 

In the next section we outline the derivation of the magnitude-redshift relation within 
this model. In contrast to the original model in [llj we explicitly allow for a cosmological 
constant, which corresponds to an additional term —A/3 on the Ihs of and an extra 
-A on the Ihs of ©. 

2.3. Magnitude-redshift relation 

By defining a new constant v := ~ ^) rewrite according to 



k \ n ip'^ 



1. 



(8) 



Here we introduced the following density parameters Qk ~jps^^ = 

'= 3^M5 •= ^s^H^ ^^^t step. We use the index w since we did not 

fix the underlying equation of state, i.e. p = wji. It is interesting to note that the new 
density parameter redshifts with z^, a behavior which is also known from anisotropic 
models, see e.g. Denoting present day values of quantities by an index "0" we 

can rewrite the Hubble rate in terms of the density parameters and the redshift: 

k A 



Hi 



n3(1+^) 



+ VtkQ (1 + zf + f^Ao + ^^0 (1 + zf 



f^^o (1 + z) 

i Hi (1 + zf { f^^o [(1 + z^'- - 1] + f^Ao [(1 + z)-' - 1] 

+f]^o [(1 + ^)'-!] +1}. 
Hence the luminosity distance within this model becomes 



(^o^o)"' r F[z]dz 
Jo 



^luminosity — Sq (l + z) 

With F[z] := Hq/H and the function in front of the integral is given by 

{sin (x) k = +1 

X for = 

sinh(x) k = —1 

If we make use of the definition of the Qk density parameter we end up with 

<^luminosity (^5 ^0 5 ^wO) ^AO 5 ^-00 5 ^) 

(1 + ^) 



(9) 



(10) 



(11) 



AO 



e 



1 - Q^o - Qxo - ^v^ol / F [z] dz 





(12) 
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Table 1. SN la data sets. 


Symbol 


li OAT 


Reierence 


Comments 


I 


18 


p. 571, niiisi 


Calan/Tololo survey 


II 


42 


p. 570, ng 


Supernova Cosmology Project 


III 


10 


p. 1021, [201 


High-z Supernova Search Team 


IV 


10 


p. 1020, EOl 


Same as III but MLCS method 


V 


1 


m 


Farthest SN la observed to date 


VI 


27 


p. 1035, EOl 


Low-redshift MLCS/template 


VII 


230 


pp. 33-40, Ell 


Most recent compilation of SN la 



The magnitude-redshift relation reads 

m {z, Ho, n^o. ^Ao, f^^o, w,M) = M + 5 log + 25. (13) 

3. Numerical results 

In this section we present the numerical results obtained by fitting the magnitude- 
redshift relation in f[T!?j) to two recent data sets. We start with a collection of the 
different available data sets of type la supernovae. Combinations and subsets of these 
data sets were also used by other teams to determine the cosmological parameters. 



3.1. Data sets 

In table ^ we collected the number of supernovae and the references which actually 
contain the data. The data sets of the different groups are not directly comparable. 
Perlmutter et al provide the effective magnitude rrf^ in the B band, while Riess et 
al [20] use the so-called distance modulus /x§. As shown by Wang in [28j it is possible to 
find a relation between this two data sets by comparing the data of 18 SNe la published 
by both groups. The definition of the magnitude as given in equation is compatible 
with the definition used by Perlmutter et al , it is related to the definition of Riess et 
al by 

m = M + /x = M + 51og (ii,„,inosity + 25 = + 5 log i^orfiuminosity (14) 

As shown in PHj we have to choose M = — 19.33±0.25 in order to transform the different 
data sets into each other. This value corresponds to the MLCS method applied by Riess 
et al . In the following we make use of two data sets||, namely the the one of Wang, 
which contains 92 data points and can be viewed as a compilation of the sets I, II, IV, 
and VI from table ^ in which some outliers were removed and the set VII of Tonry et 
al which contains 230 data points and represents the most recent collection of SN la 

§ Not to be confused with the energy- density within the field equations. 

II From here on we use the shortcuts W92 and T230 for the data sets of Wang and Tonry et al . 

^ The additional SN la set from the Deep Survey [221 was published while this work was nearly finished. 

Hence it will be considered in future work. 
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In order to obtain comparable results we add 15.95 to the distance modulus in set VII. 
This constant offset was obtained by averaging over the common points in both sets. 
The two data sets are displayed in figure 



50 - 



40 



M 30 - 



20 



f 



Toniy et al. 
Wang 



0,5 



1,5 




Figure 1. Unbinned data sets of Wang and Tonry et al. containing 92 and 230 SNe 
of type la. All of the data points of Wang are included in the data set of Tonry et al. 
In the lower plot we adjusted the offset between the two data sets by averaging over 
the common data points in both sets. 
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Table 2. Overall best-fit parameters for the unbinned data sets. 



Symbol 


ttSN 








^rO 


Ho 






Qo 


WC92 
WC230 


92 
230 


0.076 
0.013 


1.218 
1.446 


0.001 
0.001 


0.295 
0.363 


65.334 
66.300 


134.446 
249.112 


1.54 
1.11 


-0.88 
-1.07 



[Ho] =kms"^Mpc-^ 



3.2. Fitting method 

Since we want results which are comparable to the analysis of the combined data set by 
Wang in [2H1, we are going to minimize 

92/230 ^theory | parameters) - ^-^^^^^edl ^ 

E ^ 7^^. <i5) 

in order to obtain the best-fit parameters jHl ffl El for the magnitude-redshift relation 
displayed in f[T!?j) . Here ^^^^^^^ denotes the distance modulus at a certain redshift Zi as 
defined in (fT^ . The error of the measured ^^^^^ured -g gjyg^L by a^^. The dispersion 
in the distance modulus (Jmz due to the dispersion in the galaxy redshift, a^, can be 
calculated iteratively via 

1 ^^luminosity 



InlO 



^luminosity 9z 



(Tz (16) 



according to Wang, cf. equation (13) of [28j. 



3. 3. Best- fit parameters 

The overall best-fit parameters for our model are displayed in table [21^. Additionally, 
we worked out the la, 2a, and 3a confidence contours for all parameter planes and 
both data sets in figure [21 and El The overall best-fit for the data set containing 92 SNe 
of type la has ^ 134: A which corresponds to xt ^ 1.54. The quality of the fit is 
improved for the unbinned data set with 230 SNe which has ^ l-H- As becomes 
clear from figure El the new density parameter Q^q is constrained to values smaller than 
0.25 at the 3a level if we make use of T230 data set of Tonry et al . 

We did not allow for negative values of the parameters in our fitting procedure. 
For parameters like Vt^ such a choice would be clearly unphysical. On the other hand 
negative values for are not ruled out a priori, but lead to a limiting redshift z^ax at 
which expression dHj) becomes negative, which of course is not allowed and forces us to 
limit our model to a specific redshift range. Since this limiting redshift is rather low 
even for moderate values of f^^, remember the ^ scaling behavior of this new density 
parameter, we discard the possibility of introducing negative values for Vt^. 

+ Best-fit parameters are marked with "WC" in order to indicate that they belong to a model which 
is based on Weyl-Cartan spacetime. This labeling will become handy in a forthcoming paper. 




Figure 2. Confidence contours for all parameter planes of the Weyl-Cartan model for 
the unbinned data set containing 92 SN la. 
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Figure 3. Confidence contours for all parameter planes of the Weyl-Cartan model for 
the unbinned data set containing 230 SN la. 
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0,02 0,04 0,06 0,08 0,1 0,02 0,04 0,06 0,08 0,1 



Az Az 

Figure 4. Variation of the best-fit parameters for different bin sizes for the data set 
of Wang which originahy contained 92 SNe. 

3.4' Flux- averaging 

In addition to the search for the best-fit parameters for the data sets described in section 
13. II we investigate the impact of placing the data in redshift bins of finite size. A similar 
analysis was carried out by Wang for the FLRW model in [2111221 • Due to the lumpiness 
of the matter distribution in our universe one expects changes of the peak luminosity 
of single supernovae due to weak gravitational lensing. In order to reduce the impact 
of lensing one flux-averages the data by placing it in redshift intervals of finite size. 
Additionally, such a smoothing procedure should reduce the variation of the luminosity 
due to intrinsic dispersions. For an investigation covering the use of lensing shear maps 
to correct for the signal due to weak-gravitational lensing see [30j . 

In figure E| we plotted the variation of the overall best-fit parameters for different 
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Table 3. Overall best-fit parameters for binned data sets. 



Symbol 


ttSN 








^'00 


^rO 


Ho 






<7o 


WC114 
WC25 


114 
25 


0.002 
0.04 


0.001 
0.860 


1.986 
6.567 


0.155 
0.754 


0.165 
0.270 


67.861 
75.663 


98.620 
29.954 


0.90 
1.49 


-1.51 
-4.35 



[Hq] =kms"^Mpc-^ 



bin sizes in the interval [0, 0.1] for the W92 data set. As becomes clear from the plot on 
the upper Ihs we get an acceptable fit for bin sizes up to 0.08. The optimal bin size lies 
somewhere around 0.04. We also performed the binning procedure for the T230 data 
set. The results of this calculation are displayed in figure El In contrast to the results 
for the W92 data set the optimal bin size is shifted to a lower bin width of about 0.002. 
For the T230 data set the fit quality is acceptable up to a bin size of about 0.04. 

In figure the confidence contours for the binned T230 data set with bin size 
Az 0.002 are displayed (the best-fit values for this set are also listed in table Ej). The 
plots show that the averaging procedure leads to a slight broadening of the confidence 
contours. Of course the meaning of such a post-processed data set should not be 
overinterpreted. One has to keep in mind that the choice of the size of the redshift 
bin size is merely based on statistical and not on physical arguments. Nevertheless it is 
interesting to note that the estimates for exhibit a clear trend for varying bin size. 

4. Conclusions 

Age For the best-fit parameters listed in table [21 and table El we obtain the following 
values for the age of the universe: (WC92, 11.77 Gyrs), (WC230, 11.78 Gyrs), (WC114, 
9.48 Gyrs), (WC25, 7.52 Gyrs). Our best-fit parameters yield cosmological models with 
younger* age than the estimates from globular clusters and nuclear cosmo chronology 
which range from 11 to 15 Gyrs [SH IS2j, but we should keep in mind that the 
uncertainties in the parameters allow a broad range of age of the Universe. When 
one considers the whole allowed interval as displayed in figures [21 [SI and [HI the age of 
the Universe is not a problem. 

In figure [Zi we plotted the variation the age for varying f]^o- Regarding to this plot 
there should be no conflict with the age of the oldest objects in the universe as long as 
Vt^Q is smaller than 0.01. 

Deceleration parameter For a model with pressure-less matter, radiation, cosmological 
constant, and the additional contribution from Vt^^ the deceleration parameter is given 

* Younger with respect to the standard FLRW model with (^mo = 0.3, I^ao = 0.7, and = 
65 kms~^Mpc~^, for which one obtains an age of 14.5 Gyrs. 
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Figure 5. Variation of the best-fit parameters for different bin sizes for the data set 
of Tonry et al which originahy contained 230 SNe. 



by 



^mo (1 + zf - 2^x0 + 4f^^o (1 + zf + 2ao (1 + zY 



;i7) 



zn^o (1 + zf - zQxo {2 + z) + zn^o E (1 + zY + zn,o E (1 + zY + (i + zf 

i=2 i=2 

The deceleration factor versus the redshift is plotted in figure [HI Therefrom we can 
infer that the presence of an additional (positive) Q^q contribution would lead to a later 
transition to the accelerating epoch than in the standard model with ^0.3 and 
Qxo ^ 0.7. 



Future measurements In figure [HI we plotted the distance modulus versus the redshift 
for the FLRW model as well as for our new model. As becomes clear from this plot 




Figure 6. Confidence contours for all parameter planes of the Weyl-Cartan model for 
the binned data set containing 114 SN la, which corresponds to bin-size Az ~ 0.002. 
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Figure 7. Age of the universe for varying l^^o parameter. The other parameters 
are fixed to the values as hsted in table [21 for the WC230 fit. The shaded region 
corresponds to the age of the universe as inferred from globular clusters and nuclear 
cosmochronology pTTllH^ . 




Figure 8. Deceleration parameter versus redshift for different parameter choices. We 
make use of the notation (l^mo^ ^ao? ^^q-, ^ro)- 
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Figure 9. Distance modulus versus redshift for the FLRW and our non-standard 
model. We make use of the notation ((^mo? ^ao^ ^^o^ ^ro^ ^o)- For very small values 
of the Vt^Q density parameter our model is virtually indistinguishable from the FLRW 
at low redshifts. The red line corresponds to the upper limit on VL^q of about 0.3 as 
inferred from our previous fits. 

the new model would not be distinguishable from the FLRW model if we fix the new 
f^^o density parameter to very small values. If one sticks to the upper limit for Vt^^ of 
about 0.3, which we obtained by fitting to the data set of Wang, it should be possible 
to distinguish our model from the FLRW scenario as soon as more data at redshifts 
between z = 1 and z = 2 becomes available. In order to quantify the difference in fi 
between the FLRW and our model, we displayed |A/x| in figure fTIll for several values of 
the Q^o density parameter. 

Summary Most interestingly there exist Weyl-Cartan based scenarios in which the 
usual factorization of the density factors is applicable, in contrast to the more general 
scenario discussed in [3 |H| the model presented in this work allows for such a simple 
relation between the density parameters. We worked out the magnitude-redshift relation 
and managed to pin-down the cosmological parameters by using recent SN la data. 
Moreover we have shown that our results are also applicable to the models of two other 
groups. The model discussed here turns out to be a viable cosmological model from the 
viewpoint of the SN la observations. 

The best-fit parameter sets WC92, WC230, and WC114 reveal a clear trend to low 
values for the pressure-less matter component Qrno- This is a rather desirable behavior 
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Figure 10. Absolute difference between the distance modulus of the FLRW and our 
new model for different values of the (^^o parameter. The rest of the cosmological 
parameters is fixed to the following values: l^mo = 0.3, Vt\Q = 0.7, l^ro = 0.3, Hq = 65 
kms"^Mpc"^ 



since one would prefer a model which predicts rather small values for and thereby lies 
closer to the results for the baryonic matter component as inferred from nucleosynthesis 

I2ni 

Unfortunately our model does also favor a non- vanishing cosmological constant, 
as it is also favored by the standard FLRW model. Hence, in order to get rid of the 
cosmological constant one would have to change either the Lagrangian in ^ or the 
ansatz for non-Riemannian field strengths, i.e. torsion and nonmetricity, which in this 
model are determined by the one form in Nevertheless it should be possible to work 
out a modified model which removes the need for the cosmological constant and thereby 
the need for a rather mysterious dark energy component. 

We have to stress at this point that our goal was to perform fits to the available 
SN la data sets without any prerequisites. Future work will concentrate on the 
determination of the cosmological parameters [2SllSj with the help of other independent 
cosmological tests like nucleosynthesis [2Sj and the fluctuations within the cosmic 
microwave background jSEl I2Z| • 

In addition one could investigate the impact of the recently released SNe data set 
from the Deep Survey on the fit result. 

Most interestingly Daly et al suggested a test on the basis of recent radio galaxy 
measurements reaching out to z 1.8 which is currently not covered by the supernova 
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data. As we have shown before the availabihty of data at higher redshifts should increase 
our capabihty of discriminating between our model and the usual FLRW scenario. Hence 
the analysis of this data set might lead to some interesting new insights. 
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Appendix A. Metric-affine gravity 

In MAG we have the metric gc^f^^ the coframe i?*^, and the connection 1-form F^^^ 
(with values in the Lie algebra of the four-dimensional linear group GL(4, i?)) as 
new independent field variables. Here a,/?, . . . = 0, 1,2,3 denote (anholonomic) frame 
indices. Spacetime is described by a metric-affine geometry with the gravitational 
field strengths nonmetricity Qc(3 '•= —Dga(3^ torsion := D'd^^ and curvature 
Ra^ := dr^^ — A r^^. a Lagranglan formalism for a matter field minimally 
coupled to the gravitational potentials g^fs^ '^9^, r^,^ has been set up in [9j. The dynamics 
of an ordinary MAG theory is specified by a total Lagrangian 

The variation of the action with respect to the independent gauge potentials leads to 
the field equations: 

^ =0, (A.2) 

LIM"^ - m"^ = ct"^, (A.3) 
DH^ -E^ = (A.4) 
DH% - E% = A"^. (A.5) 

Equations fjA.3j) and fjA.4j) are the generalized Einstein equations with the symmetric 
energy-momentum 4-form a^^ and the canonical energy-momentum 3-form as 
sources. Equation fjA.5j) is an additional field equation which takes into account 
other aspects of matter, such as spin, shear and dilation currents, represented by the 
hypermomentum A^^. We made use of the definitions of the gauge field excitations, 

of the canonical energy-momentum, the metric stress-energy, and the hypermomentum 
current of the gauge fields, 

E.:=^, m^^:=2^, E^, = -^^ A H, - g,,M^\ (A.7) 
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and of the canonical energy-momentum, the metric stress-energy, and the 
hypermomentum currents of the matter fields. 



5L 



mat 



.a(3 ._ 



6L 



mat 



5L 



Provided the matter equations fjA.2j) are fulfilled, the following Noether identities hold: 

DE« = (e«jr^) A - ^ ie^\Q(s.y) + (e«Ji?/) A A^^, (A.9) 

DA"/3 = (?/3X''-^"AE^. (A.IO) 

They show that the field equation fjA.3j) is redundant, thus we only need to take into 
account (jA.4j) and (jA.5j) . 

As suggested in [10], the most general parity conserving quadratic Lagrangian 
expressed in terms of the irreducible pieces of the nonmetricity Qa(3^ torsion T^, and 
curvature Raf3 reads 

3 



^MAG = 



1 

2^ 



- a,R^^ A 77,^ - 2A77 + A M aj ^'^T^ 



.1=1 



+ 2 (^c/^)g«/3 ) A^" A *r^' 



J=2 



2p 



1=1 



1=1 



+ z^d, A (e«J + ^ A (e^J ('"^^Z^^)] . (A.ll) 

1=7 

The constants entering fjA.llj) are the cosmological constant A, the weak and strong 
coupling constant n and p, and the 28 dimensionless parameters 

ao, . . . , aa, 6i, . . . , 65, C2, . . . , C4, ^1, . . . , ^7, ^1, • • • , ^9- (A. 12) 

This Lagrangian and the presently known exact solutions in MAG have been reviewed 
in jini. In table lAll we collected some of symbols defined within this section. 



Appendix A.l. Triplet ansatz 

One way to obtain field equations of manageable size is to constrain the general 
Lagrangian in equation (jA.llj) . A special case that has received much attention over 
the last years is the so-called triplet ansatz, which was firstly investigated by Obukhov 
et al in [llj. Within this ansatz one usually chooses: 

^1, . . . , ^7 = 0, Zi, . . . , Z3, Z5, . . . , = 0, Z4^0. (A. 13) 
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Table Al. Summary of definitions made in [Appendix A| 
Potentials Field strengths Excitations Gauge currents 



Table Bl. Operators. 

Operation Symbol Input Output 

Exterior multiplication A p-form A g-form (p + gj-form 

Interior multiplication J vector J p-form {p — l)-form 

Exterior derivative d d p-form {p -\- l)-form 

Hodge star in a n-dimen. space "^p-form (n — p)-form 



Thus, one considers a general weak part but only a very constrained strong part of 
fjA.llj) . Additionally one makes the following ansatz for the nonmetricity and torsion 
in terms of a single 1-form u. 

Q =koUj, A = kiuj, T = k2(ju, (A. 14) 

3 

QaP = ^^^QaP + ^^^QaP = ^ (^^(.6^)] A " ^Oa^^^ + 9apQ • (A.16) 



Appendix B. Differential geometric formalism 

We assume a connected n-dimensional differential manifold as underlying structure 
throughout the paper. A vector basis of its tangent space TpYn is denoted by which 
is dual (i.e. e^J'??^ = 5f ) to the basis i}^ of the cotangent space T^Y^. A p-form S can 
be expanded with respect to this basis as follows 

E = ^E^,...^J^^A...Adf^''. (B.I) 

Table IHTl provides a rough overview of the operators used throughout the paper. For a 
more comprehensive treatment the reader should consult [6j or section 3, and Appendix 
A of ^. 



Appendix C. Units 

In this work we made use of natural units^ i.e. /i = c = /c^ = l(cf table K'lj) . 
Additionally, we have to be careful with the coupling constants and the coordinates 
within the coframe. In order to keep things as clear as possible, we provide a list of the 
quantities emerging throughout all sections in table 1^21 Note that [d] = 1 and [~^] = 
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Table CI. Natural units. 



[energy] [mass] [time] [length] [temperature] 



length ^ length ^ length length length 


-1 


Table C2. Dimensions 


of quantities. 




Quantities 


1 


Length 


Gauge potentials 






Field strengths 






Gauge field excitations 


I J ' L PJ 


[Ha]-' 


Gauge field currents 






Matter currents 


r A 1 r r\i f^i 


Pa]-^ 


Coordinates 


[0],mr] 


r /I 

W 


Functions 


[flw], [^k], i^m], [^ip] 




Miscellany 




[^a/3]~^j [c^luminosity] 




[m],[M],[M],[fA 




Constants 


[x],Wi],[biUciUkW] 


[^]i,[X]-h,[G\k,[v]i 



length^ where n — dimension of the spacetime, p — degree of the differential form 
on which ^ acts. 
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